A technique to determine a real nonnegative function representing the transmittance of a synthesized hologram is described. The technique uses the positions of the samples in the synthesized hologram to record the phase information of a complex wavefront. Synthesized holograms are displayed on a flying spot scanner and recorded on film. The transmittance of the synthesized hologram is quantized into 256 levels because of a hardware limitation of the scanner.
Introduction
There are several reasons why we might want to study the problem of generating holograms with a digital computer. First, in coherent optical data processing we need spatial filters to modify the phase angles and the amplitudes of the Fourier components of twodimensional images. Sometimes these spatial filters can be made as Fourier transform holograms on an optical bench. More often the only way to make a filter is to plot its amplitude transmission on paper using a plotter guided by a computer. A photoreduced negative transparency of the artwork will then serve as the spatial filter in a coherent optical system. The spatial filter thus produced is in essence a synthesized Fourier transform hologram. Other applications for which computer-synthesized holograms may be useful are in the display of images of objects or scenes, in optical memory systems for computers, and in the comparative testing of optical surfaces.
In recent years techniques used to generate holograms on digital computers have been investigated by many researchers.' In this paper we shall describe a new method of generating real and nonnegative functions H (u,v) related to the two-dimensional Fourier transform F(u,v) of an image f (x,y) . The function H(u,v) will produce a good approximation under Fourier transformation to the image f (x,y) . The synthesized holograms produced by using these real nonnegative functions will be different from holograms
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Formulation of the Problem
In off-axis holography, as developed by Leith and Upatnieks, 2 the real nonnegative function H (u,v) is obtained by adding an off-axis reference wave to the original wavefront and recording the intensity of the two combined light waves. The transmittance of the hologram made with an off-axis reference is given by (1) where = (-12) .
The function F(u,v) is the wavefront of the object on the recording plane. In the subsequent discussion F(u,v) is the two-dimensional Fourier transform of an image f(x,y). The function A exp (-j27rau) represents the off-axis reference wave.
If we examine the function H(u,v) we shall find that
f(x,y) can be obtained from the last two terms on the right-hand side of Eq. (1) . The other terms only serve as a bias to make the transmittance of the hologram nonnegative. Alternatively, when using a digital computer, we can obtain a nonnegative function for wavefront representation in other ways. For example, the amplitude transmission of the hologram can have (-j27rau) (2a) or the form where
The constant B in Eq. (2a) is chosen to make the function H (u,v) nonnegative. For the forms of the function H(u,v) specified in Eqs. (2a) and (2b) we note that the transmittance of the synthesized hologram meets the two conditions: (1) it is real and nonnegative; (2) it is such that the image f(x,y) appears in the Fourier transform of the synthesized hologram.
Hereafter, we shall describe another H(u,v) which also satisfies these conditions.
In reconstructing the image of an object from its Fourier transform hologram we use an optical system as shown in Fig. 1 H(u,v) exp-[j27r(x'u + y'v) /Xf]dudv, (3) where x = x'/Xf and y = y'/Xf, with X the wavelength of the monochromatic light, and f the focal length of the lens. Using the function h(x, y), we can obtain the conditions on H (u,v) given by the following equations:
The function M(x,y) represents the mask on the back focal plane of the lens. The constant W is a parameter that allows the reconstructed image of f (x,y) to appear shifted along the x axis. The choice of this parameter depends on the width of the image f(x,y) along the x axis.
Phase Generation by Delayed Sampling
Our method of generating H(u,v), which we now present, hinges upon decomposing the original complex function into four quadrature components. The complex function IF (u,v)J exp[jo(u,v) ] is expressed as (u,v) + jF2 (u,v) -jr 4 (u,v) , (5a) The functions [F (uv) ] defined in Eq. (5b) are real and nonnegative. This set of functions is not unique. There are other functions that can be used to express the complex function JF(u,v) I exp [j(u,v) ] in the same form as Eq. (5a). For example, we can add a function q (u,v) to F,(uv) to generate a new set of functions that also satisfy Eq. (5a). Of course, the function q (u,v) must be chosen so that the resulting function Fi(uv) + q(u,v) remains real and nonnegative in order to allow a synthesized hologram to be produced. In the following discussion we shall show how the phase associated with each of the four quadrature components can be coded into sampled functions.
Let us assume that a function G(u,v) is real and nonnegative and its Fourier transform g(x,y) is confined within an area W X W. Consider the discrete function
where tn(x,y) = g(x,y) exp(j27rnbW). Because the function g(x,y) occupies only an area W X W by our previous assumption, the functions t, (x,y) in Eq. (7) do not overlap one another. As a result, we can recover the function G(u,v) from any one of the functions t(x,y). In Eq. (7) it is noted that there is a phase factor exp(j27rnbW) in each of the function tn (x,y) . It is this phase factor that enables us to record the phase of the quadrature components of the complex wavefront. For the moment, let us examine the function t(x,y). The relation between b and t(x,y) for particular values of b which will be of interest in the subsequent discussion is tabulated below:
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t, (X,y) g (x,y) jg(xy) -g(x,y) -jg(xy) Similar relations exist between b and t(x,y) when n is any odd integer. Now we are ready to apply this delayed sampling technique to obtain the amplitude transmission of the synthesized hologram.
Hologram H (u,v)
In Fi(u,v) ]. These four functions with the correct phases can be combined to produce the complex function F(u,v). With the technique described above we can create the correct phases for each of the four functions [Fi(u,v) ] in the Fourier transform domain, and hence obtain f(x,y). Following the previous example, we sample the four quadrature components [Fi(u,v)] with appropriate "shift" parameter b. The resulting discrete functions are then added to form the amplitude transmission H (u,v) of the synthesized hologram. The transmittance of this hologram is given by
Because the functions [Fi(u,v) ] are real and nonnegative, the function H(u,v) satisfies the first condition specified for synthesized holograms. We shall demonstrate that our new H(u,v) also obeys the second condition. The Fourier transform of H (u,v) , which is the reconstruction, is given by Tn(x-nW, u-mW) . 
T_(x,y) is equal tof(-x,-y).
There is one point worth mentioning here. When we showed with the use of Eq. (7) how the phases of real nonnegative functions could be shifted by introducing the parameter b, we assumed that G(u,v) was a bandlimited function. This is not necessarily a reasonable assumption, however, for the functions [F,(u,v) ] in Eq. (5b). If the functions [F,(u,v) ] are not bandlimited, the function Tn(xy) with even index n will extend over a region larger than W X W. The image reconstructed from the hologram will then be degraded.
Procedure in Synthesizing the Hologram
The procedure in synthesizing a hologram on a computer consists of the following steps. First, the information about the image of a scene or object must be stored in a form that can be conveniently introduced to the computer. In most of our experiments we record the data on IBM cards. After the computer has the proper information in its core memory, the next step is to compute the wavefront of the object or scene. The wavefront is the Fourier transform of the two-dimensional image. It can be noted in Eq. (8) that the sampling rate along the u axis for H (u,v) is four times that along the v axis. To calculate the proper Fourier transform for the synthesized hologram, we carry out the computation as follows: 
where n,m = 0, 1, ... , N-1 and k = 1,2,3,4. The symbol Re [] denotes the real part of the enclosed complex number. In our production process the amplitude transmission of the hologram is limited by available hardware to 256 quantization levels. In practice, if more quantization levels are needed, they can be obtained by making multiple exposures on the same piece of film. The quantized transmittance of the hologram is first recorded on magnetic tape and later displayed on a flying-spot scanner in our laboratory. It is this flying-spot scanner that sets the quantization at eight bits. The scanner display is photographed using a Polaroid camera and the photograph is reduced to approximately 3 X 3 mm 2 . This reduced photograph is the synthesized hologram to be used on an optical bench.
Experiments

Simple Object with Opaque Background
The two-dimensional image used in this experiment comprises the letters MIT, which are formed by bright line segments on an opaque background. The entire image is represented by an array of 64 X 64 points. 11) spectrum tends to spread out in the Fourier transform domain. The truncation caused by the threshold will normally occur only for a few Fourier transform samples of such objects. As a result, the image reconstructed from the hologram will not be seriously degraded. When the object used for synthesizing the hologram fills the entire aperture, the spectrum becomes more localized in the low frequency region. The dynamic range of the spectrum also tends to be larger. This means that thresholding is less effective as a means of reducing dynamic range while still retaining image quality. Fig. 2 . Computer-generated hologram of the letters MIT. This particular array size results in a 64 X 256 element, with Fourier-transforming needed to synthesize the hologram. These arrays present no storage problems for the IBM 360/65 computer that is used in the experiments. A synthesized hologram for the letters MIT is shown in Fig. 2 . The image reconstructed from the hologram is given in Fig. 3 .
In making the hologram we have used a simple scheme to reduce the dynamic range of the amplitude of the Fourier transform of the letters MIT. Before we convert the Fourier transform into the function H(u,v), we compare the amplitudes of the Fourier transform samples with a predetermined threshold. If the amplitude of a sample exceeds the threshold, its value is made equal to the value of the threshold; otherwise its value remains unchanged. This scheme is very effective in reducing the dynamic range of Fourier transforms of objects that are small compared with the aperture size. For such objects the
Continuous-Tone Picture
In the first experiment we had no difficulty in handling the dynamic range of the transmittance of the hologram. This is because the letters MIT occupied only one third of the area of the full aperture of the image.
In this experiment we shall demonstrate how the dynamic range of a hologram can be reduced by using a random exponential function with unit amplitude. This random exponential function multiplies f(x,y) before hologram calculation and serves to flatten the spectrum. This effect is similar to the effect of using ground glass in conventional holography.
The two-dimensional image used in this experiment is a continuous-tone picture and is shown in Fig. 4 . The picture has 128 X 128 samples. The number of samples of the corresponding Fourier transform needed to make the synthesized hologram is now equal to 128 X 512. To store such a complex array in core memory we need a storage capacity of 131,072 words, which is larger than the existing capacity of the available IBMVI 360/65 computer. Therefore, the Fourier transform of the image is computed in two steps. One-dimensional Fourier transforms of the rows of the image are first computed, and stored in the direct-access memory of the computer. Later the columns of this stored array are retrieved from the direct-access memory and one-dimensional Fourier transforms of the columns are computed. Because auxiliary memory devices are used, more time is spent in the transform computation.
Images reconstructed from the synthesized hologram are shown in Fig. 5 . When we use a random exponential function to reduce the dynamic range, some of the high spatial frequencies of the picture are moved outside the aperture of the hologram. This causes some degradation in the reconstruction in the form of loss of resolution. 
Concluding Remarks
The method for synthesizing holograms presented in this paper was discovered in the course of investigating Lohmann's technique for coding the amplitude and phase information of complex wavefronts. Therefore, there are certain similarities between our method and Lohmann's method of producing synthesized holograms. In both types of holograms the positions of the samples of the function H(u,v) are used to record the phase information of the wavefront. There are differences between the two methods, also. Four example, our method does not require phase quantization of the wavefront, whereas in Lohmann's binary hologram the phase angle of each Fourier transform sample is quantized by using K levels. A typical value of K for Lohmann's binary hologram is 20. There are decompositions of the Fourier transform in addition to ours which do not require phase quantization. This has been pointed out by researchers at the Bell Telephone Laboratories. 5 Since the transmittance of the synthesized holograms described in this paper can assume values ranging from 1 to 256, the quality of the holograms is limited only by film grain noise and nonlinearity just as in conventional holography.
This work was supported principally by NIGMS (grants GM15006-02 and GM14940-03), and in part by the Joint Services Electronics Program (Contract DA28-043-AMC-02536(E)).
